In this paper, we present an extension to our code, XCASCADE [Medvedev, Appl. Phys. B 118, 417], that enables to model time evolution of electron cascades following low-intensity X-ray excitation in various materials consisting of elements with atomic numbers Z = 1 − 92. The code is based on a classical Monte-Carlo scheme and uses atomistic cross sections to describe electron impact ionization. The new extended version, XCascade-3D, also tracks the electron trajectories with 3D spatial resolution. This model takes into account anisotropic scattering of electrons on atoms. We show that the calculated electron ranges in various materials are in a good agreement with the available data, confirming the potential for high accuracy applications at FEL pulse diagnostics.
INTRODUCTION
X-ray pulse triggers a sequence of processes in an irradiated target, 1 including photoabsorption by deep-shell and valence electrons, Auger decays, fluorescence and secondary electron cascades. Electron-lattice energy exchange, mediated by electron-phonon coupling, leads at later stages to the heating of the lattice. All these processes finally can result in observable material modifications such as, e.g., atomic relocations, defect creation etc.
X-ray pulses generated with modern free-electron lasers (FEL) [2] [3] [4] [5] [6] find numerous applications, from nanostructuring 7 to imaging. 8 In order to achieve high accuracy in the corresponding measurements and simulations a precise diagnostics of the pulses is necessary. Recently, we developed an in-house Monte Carlo (MC) tool, XCASCADE, 9 that provides temporal information about FEL-induced electron cascades, such as cascading time and time-resolved carrier density. This simulation tool has already been successfully applied for diagnostics of single-shot pulse duration and arrival times of FELs, 10, 11 using X-ray pump-optical probe scheme.
In addition to the temporal information, a spatial characteristics of FEL pulses might be required in some experiments. There are a few techniques aiming at it, e.g., utilizing FEL-induced defects (color centers) in alkali halides for spatial characterization of the pulse. 12, 13 Formation of such temporally stable point defects may allow to extract pulse shape information in post-mortem measurements.
In this report, we present an extension to the XCASCADE code, XCascade-3D, which provides full 3D-resolved information about FEL-induced electron cascades, induced by low-intensity X-ray pulse. By low-intensity pulse we understand the pulse which excites low number of electrons in total so that: (i) the approximation of non-interacting electron cascades independently developed in (ii) semi-neutral medium holds with sufficient accuracy. In sec. 2, we explain how our model is constructed and discuss its limits of applicability. In sec. 3 we study the influence of the effective energy gap on the model results. Sec. 4 is devoted to model testing; we show that averaging over 10 000 trajectories is enough to provide a sufficient statistical accuracy and discuss the dependence of the electron ranges on the angular scattering scheme. Finally, in sec. 5 we show on the examples of silicon, gold, and polystyrene that the model predictions are in a good agreement with the available data on electron ranges in various materials.
THE MODEL
XCASCADE uses an event-by-event Monte Carlo scheme, which is widely applied to follow electron cascades. 14, 15 In this section we only briefly describe the simulation scheme. More details can be found in the previous publication devoted to XCASCADE.
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The material structure is assumed to be a homogeneous bulk of atomic/molecular density corresponding to the density of the modeled material. It allows us to utilize the Poisson distribution for sampling mean free paths of particles in matter. Atomic cross sections are applied to model the photon absorption and the electron-atom scattering within the material. Such approximation is justified for high-energy X-rays and for high-energy electron-atom collisions, since they excite electrons from the deeply lying core levels. However, this description neglects collective effects, such as the influence of band structure. The latter can be substantial at lower electron impact energies. In order to overcome this limitation for low-energy collisions, we introduce an effective excitation energy, replacing the bound levels in the valence band by a single 'effective' energy level, or an 'effective' band gap (similarly to the idea from Ref. [16] ). In sec. 3, we explain how the effective energy gap values are chosen for different materials and demonstrate the advantage of this correction.
An electron cascade starts when an X-ray photon excites a photoelectron and creates an innershell hole in an atom of the target. A choice of the photabsorbing shell is made upon the relative photoabsorption cross section, extracted from the EPDL97 database. 17 A part of the photon energy is used to release a bound electron from valence level or a deep-shell hole; the rest contributes to the kinetic energy of the photoelectron. The binding energies are taken from the EADL database. 18 The trajectory of an energetic electron (photoelectron, incident electron, or secondary electron) is modeled as a straight line until an elastic scattering on an atom or an inelastic collision with an atom (here, always with impact ionization) occur. In our scheme, the elastic collisions influence only the direction of the propagating electron. During the inelastic collisions, the electron, in addition to the changing the direction, loses energy to excite secondary electrons. The probabilities of collisions, the energy losses of the electrons, and the scattering angles are calculated with the atomistic cross sections.
The created deep-shell hole can undergo either an Auger or a radiative decay (with the corresponding lifetimes 19 ). For light elements the predominant decay channel is single Auger decay, during which the excess energy from the hole relaxation is used to create another secondary electron (Auger electron). 20 For heavier elements, many-step Auger decays may occur, resulting in several additional valence holes and free electrons.
In our model, the cascading stops when the energies of all electrons fall below 10 eV, i.e., when the electron scatters mostly elastically. Such cascade can last up to hundreds of femtoseconds, depending on the initial photon energy and the material properties.
9 Classical Monte Carlo averages over many trajectories providing statistically reliable results. The dependence of results on the number of iterations will be discussed below.
The electron mean free path is inversely proportional to the cross section of scattering.
14 Thus, the cross sections are the crucial parameters of the model. The inelastic cross sections are calculated with the binary-encounter-Bethe (BEB) model, 9, 21 i.e., as discussed above, we assume that the material consists of non-interacting atoms.
For the elastic collisions, we apply Mott's cross section:
where Z is the atomic number, r e is the classical electron radius, β = v 2 e /c 2 with v e denoting the velocity of the electron, and c denoting the speed of light in vacuum. The empirically modified Moliere's screening is:
Here, α is the fine structure constant, m e is the free electron mass, and τ is the kinetic energy of the electron in the units of its rest energy. 
Elastic (Eq. (1), dashed lines) and inelastic
21 (solid lines) cross sections for scattering of impact electron on silicon and gold atoms used in the Xcascade-3D model.
The model enables to assume various scattering schemes: forward scattering, isotropic scattering and anisotropic scattering. The latter is implemented using the following choice of the scattering angle:
where r is a random number uniformly distributed between [0, 1]; parameter ξ = 4ε/(1 + 4ε) corresponds to a case of the screened-Coulomb interaction with ε = E/E 0 a kinetic energy of the electron in atomic units (E 0 = 27.21 eV is the atomic energy unit). This approach captures the important feature of the process: The scattering is mostly isotropic for low-energy electrons, whereas at high energies impact electrons preferably scatter in the forward direction. 24 Although Eq. (3) was derived for elastic scattering, we will also utilize it for inelastic events as the simplest approximation. The direction of a secondary electron obeys the momentum conservation law. The azimuthal angle of scattering is chosen uniformly within the range of [0, 2π).
As other transport Monte Carlo codes, the XCascade-3D scheme assumes that the fluence of the X-ray pulse is low. Consequently, we can neglect double excitations of the atoms by FEL photons. This also allows to neglect the band structure and electron-electron correlation effects within the excited electron ensemble: interaction between the excited electrons, and the Pauli blocking.
25 That assumption holds under the condition that the maximal achieved electron densities are much lower than the atomic densities of the target (less than ∼ 10 21 cm −3 ). The target is then assumed to be always undamaged and unexcited. Correspondingly, cross sections and rates for neutral material are used. Any shift of core levels in the modeled solids in respect to the corresponding atomic levels is neglected, since it introduces an error of several eV. In addition, all electrons considered are nonrelativistic.
MODEL PARAMETRIZATION
The only free parameter in our model is the effective energy gap. As we mentioned above, we use it to approximately account for the material's band structure (within the valence band) while using atomic binding energies for core levels. As we discussed earlier, we replace the valence electron binding energies in the target by a single effective energy level (effective band gap for semiconductors). This energy level is adjusted in such a way that the average electron-hole pair creation energy in the material equals to twice its band gap width. Such choice naturally fulfills the condition that the thresholds for impact ionizations by both electrons and holes are equal to the band gap, 16 similar to the empirical rule.
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We estimate the pair creation energy as the ratio between the energy of the absorbed photon and the total number of excited electrons by the end of the simulation, which started with the initial photoionization event. As an example, Fig. 2 shows the dependence of the predicted pair creation energy on the value of the effective band gap in silicon for 9 keV photons. Applying a linear fit, we could identify a value of the 'effective' band gap for silicon that corresponds to pair creation energy equal to twice the band gap, namely 1.79 eV. To the best of our knowledge, there is no experimental data on the band gap of polystyrene; we used 8.42 eV for the effective energy gap in this material. Note, that for metals we cannot introduce an effective band gap in such a way, therefore, for gold we use the atomic energy levels. Red circles show the sites where inelastic collisions occurred. The photoelectron travels a certain distance in the material, undergoing elastic and inelastic collisions and creating deep-shell holes, until its energy falls below the threshold of 10 eV. Fig. 3 shows various branches of the electron cascades generated after a single photoabsorption.
MODEL TESTING
In the following, we will calculate electron ranges in a few chosen materials. We define an electron range for each particular electron energy as the distance between the point where the impact electron entered the material and the point which it reached when its energy decreased to 10 eV. Thus, the range results directly from a MC simulation, avoiding the often-used continuous-slowing-down approximation. Prior to the calculation, we study how the resulting electron ranges converge for various number of cascades. The examples of two photon energies: 200 eV and 20 keV, are shown in figure 4 . One can see from Fig. 4 that for both cases approximately 10 000 cascades are needed to reach the relative accuracy of 0.5%. Therefore, in the following simulations we use around 10 000 cascades for estimating the electron range. energies the anisotropic scattering mostly occurs in forward direction, whereas for lower energies the scattering becomes more isotropic. This result qualitatively confirms a correct implementation of the scattering algorithm.
Next, we study the influence of the effective energy gap on the electron ranges. Fig. 6 compares the electron ranges in silicon calculated with atomic binding energies (grey dashed line with circles), the binding energies corrected using the effective energy gap of 1.79 eV (blue solid line with the circles), and the data from X-ray Data Booklet 27 (black solid line). The log-scale plot demonstrates an overall improvement of the agreement between the data from Ref. 27 and our theoretical electron ranges when the effective energy gap approach was used -in comparison to those obtained with atomic energy levels. Eff. en. gap Atomic X-ray DB Figure 6 . Electron ranges in silicon calculated with XCascade-3D using only atomic levels (grey dashed line with circles) and using the effective energy gap correction for the valence levels (solid blue line with circles). The results are compared with the predictions from the X-ray Data Booklet 27 (black solid line).
COMPARISON WITH OTHER DATA
Below we show our calculations of electron ranges in three materials: silicon (with the density of 2.33 g/cm 3 ), polystyrene (1.05 g/cm 3 ), and gold (19.32 g/cm 3 ). Fig. 7 demonstrates a good agreement between XCascade-3D predictions (blue lines with circles) and the data from X-ray Data Booklet
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(black solid lines). Brown dotted lines are the calculations made with another code TREKIS 28 for the same stopping threshold for electron cascading (10 eV). TREKIS uses inelastic scattering cross sections based on complex dielectric function to obtain the energy loss function. Integration of its inverse value yields the electron range. At low electron energies it is sensitive to a choice of the lowenergy integration limit, which results in a shift to the entire curve. One can see that the XCascade-3D predictions are in a good agreement with both data-sets at high electron impact energies. As we mentioned above, this can be expected, since we use atomistic approximation. At lower energies the agreement worsens, but stays reasonable. In particular, the results also confirm that the calculations of electron ranges via integration of the loss function coincide well with the Monte Carlo simulation results, cross-checking the accuracy of both schemes.
With these tests, the accuracy of our new tool has been confirmed. 
CONCLUSION
We presented the XCascade-3D, a new Monte Carlo tool to study electron trajectories and collisional ionization events after X-ray irradiation in various materials at low irradiation fluence. We demonstrated that our parametrization of an effective energy gap (wherever applicable) improves the results in comparison with simulations with purely atomic binding energies. Our calculations show a good agreement of the electron ranges with the results of previously published model TREKIS and with the X-ray Data Booklet data for silicon, gold, and polystyrene. The code is now ready for quantitative applications in the context of diagnostics of XFEL pulses.
